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1. INTRODUCTION AND DEF IN IT IONS 
Let A(p, n) denote the class of functions of the form 
Oo 
f(zl=zp+ - ap+kz , (p,n e N := {1,2,3,. . .  }1, (1.1) 
k=rt  
which are analytic and p-valent in the open unit disk 
U :={z :z•Cand I z l< l} .  
A function f • A(p, n) is said to be in the class S(p, n, ~) of p-valently starlike functions of 
order a if it satisfies the conditions 
~ f - - -~  >~ and Ju '~~a~=2p7r ,  ( z=e ~°). (1.2) 
Furthermore,  a function f • A(p, n) is said to be in the class K:(p, n, a)  of p-valently convex 
functions of order a if it satisfies the condit ions 
f'(z) > a and ~t 1 + ~ dO = 2plr, (z = ei°), (1.3) 
( z•U;  0<~<p) .  
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Indeed it follows from (1.2) and (1.3) that 
zf'(z) 
f • ]C(p, n, ~) ¢~ • S(p, n, ~). (1 .4 )  
P 
The classes S(p, n, a) and K:(p, n, a) were studied recently by Owa [1]. In particular, the class 
S* (p, a), where 
S*(p,a) := S(p, 1,a), (1.5) 
was considered earlier by Patil and Thakare [2]. For various other subclasses of A(p, n), see, for 
example, [3,4]. 
Next we denote by Tip ) the subclass of the class ~4(p, 1) consisting of functions of the form 
oo 
f(z) = z p - Z ap+k z p+k, (ap+k > 0; p, k • N) (1.6) 
k----1 
and define two further classes T*(p, a) and C(p,a) by 
T*(p,a) :=S*(p,a)fqT(p) and C(p,a) :=lC(p,a)NT(p), (1.7) 
where S*(p, a) is given by (1.5) and 
K:(p, a) := K:(p, 1, a). (1.8) 
For the classes T*(p, a) and C(p, a), the following characterizations were given by Owa [5]. 
LEMMA 1. (See [5].) Let the function f be defined by (1.6). Then f is in the class T*(p, a) ff 
and only if 
oo 
Z (p T k - ce) ap+k < p - (~. (1.9) 
k----1 
The result is sharp. 
LEMMA 2. 
only if 
(See [5].) Let the function f be defined by (1.6). Then f is in the class C(p, a) if and 
oo 
Z (P + k) (p + k - ~)ap+k <= p(p - ~). (1.10) 
k=l  
The result is sharp. 
For a function f defined by (1.6) and in the class T*(p,a), Lemma 1 immediately yields 
%+1 < p -a  p + 1 - a" (1.11) 
On the other hand, for a function f defined by (1.6) and in the class C(p, a), Lemma 2 immediately 
yields 
ap+l < P(P -- ~) 
= (p + 1-~-p~T- a)" (1.12) 
In view of the coefficient inequalities (1.11) and (1.12), it would seem to be natural to introduce 
and study here two further classes T~* (p, c~) and Cx(p, a) of analytic and p-valent functions, where 
T~* (p, c~) denotes the subclass of T* (p, a) consisting of functions of the form 
oo 
f ( z )  ---- Z p (p -- Ol)~ zp4.1 -- Z ap-t-k zP"I'k, 
p+l -a  kffi2 
(ap+k_-> 0; p•  N; k • N \{1};  0 < a <p; 0_< ~_< 1) 
(1.13) 
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and Cx (p, a) denotes the subclass of C(p, a) consisting of functions of the form 
f (z )  = z p - P(P -- ~)~ Z p'+I oo zP+k,  
(p + l)(p + i - a) - Z ap+k 
k----2 
(ap+k>=O; peN;  k•N\{1};  0=<a<p;  0gAg l ) .  
In particular, the classes 
(1.14) 
T; (a )  := T~*(1,a) and Cx(a) := C~(1,a) (1.15) 
were considered earlier by Silverman and Silvia [6]. 
The main object of the present paper is first to derive several integral inequalities associated 
with functions in the classes S(p, n, a) and ]C(p, n, a). We then investigate various interesting 
properties and characteristics of the classes T~*(p,a) and C~(p,a). We also indicate relevant 
connections of the various results derived in this paper with those given in earlier works. 
2. A SET OF INTEGRAL INEQUALIT IES  
Our derivation of the integral inequalities associated with functions in the classes S(p, n, a) 
and K:(p, n, (~) is based upon the following lemma. 
LEMMA 3. (See [7].) Let ¢(u, v) be a complex-~"aiued function such that 
¢ :~C,  (~cCxC) ,  
C being (as usual) the complex plane, and let 
U = Ul + iu2 and  v = Vl q- iv2. 
Suppose that the function ¢(u, v) satisfies each of the following conditions: 
(i) ¢(u, v) is continuous in l); 
(ii) (1,0) • V and ~R{¢(1,0)} > O; 
(iii) ~{¢( iu2,v l )}  <= O, for all (iu2, vl) • D such that 
,~x __< - in  (i + u~) 
Let 
be regular in U such that 
I f  
then 
q(z) = 1 + qn z n + qn+l zn+l -b " " 
(q(z), zq'(z)) • v, (~ • u). 
{¢ (q(z), zq'(z))) > 0, (z • u), 
9~{q(z)) > 0, (z e/~). 
By applying Lemma 3, we now prove our first integral inequality given by the following. 
THEOREM i. Let the function f E A(p, n) be constrained by the inequality 
~{ f(z--'~)/>~zp ) p' (gEL(; ~<p) .  (2.1) 
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Then 
PROOF. 
~ [ # + P ~oo z } ~ (p - a)n (z . ~ e'-lf(t)dt > + [2(,+p) +,~]p' 
(zE/4; a<p;  #>-p) .  
We define the function q(z) by 
#+p 
/0 • t " - l f  .t d t= ~-+ 1 -  q(z), z~ +P p 
(p - a)n n~ ) (/3:=~ 2(~+p)+ " 
+ 
Then, clearly, the function 
q(z) = 1 + qn z '~ + qn+l zn+l -4-'" 
is regular in H. 
Writing (2.3) in the form 
#+p'  
and differentiating both sides with respect o z, we find that 
pf(z)  =/3 + (p -/3)q(z) + p -/3 zq'(z), 
zP # +p 
so that 
~, Z p 
in view of hypothesis (2.1). 
Now, setting 
and 
it is easily seen that 
p-/3 - -  o) 
> 0, (z ~ u), 
q(z) = u = Ul + iu2, zq'(z) = v = Vl + iv2, 
p-/3 ¢(u, v) =/3  - a + (p - /3 )u  + ~-~ v, 
(i) ¢(u, v) is continuous in :D = C x C, 
(ii) (1,0) E :D and ~t{¢(1,0)} =p-  ~ > 0, and 
(iii) for all (iu2, Vl) E :D such that 
Vl _--< --ln (1 -{-U2), 
m{¢ (iu2,Vl)} =/3 -~+ P- /3  p +pVl,  
(p- /3)n ( l+u  2) =</3- ~+ ~-~-~ 
< 0, 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
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for ~ given by (2.3). Therefore, the function ¢(u, v) satisfies the conditions of Lemma 3, which 
immediately yields assertion (2.2) of Theorem 1 by virtue of relationship (2.3). 
REMARK 1. A special case of Theorem 1 when n = p = 1 was given earlier by Obradovi~ [8]. 
REMARK 2. Upon replacing 
zf'(z) 
f(z) by - -  
P 
in Theorem 1, we can easily deduce the following. 
COROLLARY 1. Let the function f E A(p, n) be constrained by the inequality 
Then 
[ zp_l j > a, (z E u; a < p). (2.7) 
THEOREM 2. 
/0 } ~#+P t ~ 9~ [ z.+p f'(t) dt > a + 
(z El~; a < p; # > -p) .  
Next we prove the following. 
If the function f is in the class S(p, n, a), then { (z )-1} 
z t' f(z) z t t~-I f(t) dt > ~, 
P 
where 
(p - a)n 
2(,+v)+n' (2.8) 
(z E L/; # > -p ) ,  (2.9) 
PROOF. Our proof of Theorem 2 is much like that of Theorem 1. Indeed, in place of (2.3), we 
define the function q(z) by 
(# + P) fo t~-I f(t) dt p ( ~)  (2.11) 
~' := - -  , 
#+P 
where fl is given by (2.10), and apply Lemma 3 as before. We choose to skip the details involved. 
Finally, in view of equivalence (1.4), Theorem 2 readily yields the following. 
THEOREM 3. H the function f is in the class ~(p, n, a), then 
{ ( z ),} Z zf'(z) f(z) - -~ t " - i f ( t )  dt > p '  (2.12) 
(z e U; # > -p) , 
where fl is given by (2.10). 
By setting tt = 0 in Theorem 3, we obtain the following. 
COROLLARY 2. Hthe  function f is in the class ~(p,n,a), then 
l~Zf'(z)}f(z) > ~l [2a-n  + ~¢/(2a-n) 2 + 8up], (zE u). (2.13) 
REMARK 3. The special cases of Theorem 2, Theorem 3, and Corollary 2 were considered earlier 
by Kwon et al. [9]. 
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3. CHARACTERIZAT ION THEOREMS FOR THE 
CLASSES T~*(p,a) AND CA(p,a) 
We first prove the following. 
THEOREM 4. 
if 
Let the function f be defined by (1.13). Then f is in the class Y~*(p, a) ff and only 
oo  
E (P + k - c~)ap+k ~= (p - (~)(1 - A), 
k=2 
(p•N;  O__<a <p;  O_<A_< 1). 
The result is sharp for the function f given by 
/(z) = zp (p - a)~ zp+l _ (p - a) (1 - ~) zp+~ ' 
p+l  -a  p+k-a  
(3.1) 
(k • N \ {1}). (3)) 
PROOF. By setting 
(p - (~)A 
= , (0 < A < 1) (3 .3  / ap+l p + 1 - a - - 
in  Lemma 1, and simplifying the inequality resulting from (1.9), we are led easily to assertion (3.1) 
of Theorem 4. 
If we set 
PiP - a)A 
ap+l ---- (p + 1)(p + 1 -- a ) '  (0 ~ A _< 1) (3.4) 
in Lemma 2, we similarly obtain the following. 
THEOREM 5. Let the function f be defined by (1.14). Then f is in the class C~(p, a) if and only 
if 
oo 
E(p  + k)(p + k - ~)ap+k 5 PiP -- ~)(1 -- A), 
k=~ (3.5) 
(peN;  0~a<p;  0£A_(1) .  
The result is sharp for the function f given by 
f(z) = z p - p(p - a)A zp+l _ p(p - a)(1 - A) zp+k ' (k • N \ {1}). (3.6) 
(p+ l)(p+ l -a )  (p+k) (p+k-~)  
4. CLOSURE THEOREMS FOR THE 
CLASSES T~*(p,a) AND CA(p,a ) 
A closure theorem for the class T~* (p, a) is given by the following. 
THEOREM 6.  Let 
oo  
f j (Z )  -~- Z p (p -- O~))t zp+l -- E ap+k,J zP+k' 
p+l -c~ 
k=2 
(ap+k,j _-> o; p s N; k • N \ {1}; j -- 1, . . . ,m) .  
I f  f j E T~* (p, ~) (j = 1,.. . ,  m), then the function g given by 
g(z) = z~ (P - ~)~ z ~÷1 - ~_, bp+k zP+L 
p+l -a  
k=2 
with  
is also in the class T~* (p, a). 
bp+k := - -  ap+k,¢ _-> 0, 
m 
j--1 
(4.1)  
(4.2) 
(4 .3 /  
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PROOF. Since f j  • T~*(p,a)(j = 1,. . .  ,m), it follows from Theorem 4 that 
o¢ 
E (p + k - a)ap+k,j <--_ (p - a)(1 - A), 
k=2 
(j = 1 , . . . ,m) .  
Thus, by applying (4.4) and the definition (4.3), we have 
E (P + k - a)bp+k = (p + k - a) ap+k,j 
k=2 k=2 j= l  
.i=1 k=2 
5 (P - o0(1 - A), 
which, again by virtue of Theorem 4, proves Theorem 6. 
Similarly, we obtain the following. 
THEOREM 7. Let 
f j (z)  = z p - p(p - a)A zp+l ~ zp+a ' 
(p + 1)(p + 1 - a) - E ap+kd 
k=2 
(ap+kd > 0; p • N; k • N \  {1}; j = 1 , . . . ,m) .  
I f  f j  • C;~(p,a) (j = 1,. . .  ,m), then the function g given by 
g(z) = z p - PiP - a)A zp+l ~ zp+k ' 
(v + 1)(p + 1 - ~) - ~ ,  b~+k 
k=2 
with bp+k defined by (4.3), is also in the class C~,(p, a). 
Next we prove the following. 
THEOREM 8. Let 
and 
fp+k(z)=zp 
fp+l(Z) = z p (p - a)A zp+l 
p+l -a  
(p - a)A zp+l _ (p - o~)(1 - A) zp+k '
p+l  -c~ p+k-~ 
(k•N \{1}).  
Then f is in the class T~* (p, a) if and only if it can be expressed in the form 
oo 
f (z)  = ~ C~+k fp+k(Z), 
k=l  
cr+k >_-- O; Cp+k = 1 . 
k----1 
PROOF. Suppose that f is given by (4.9), so that we find from (4.7) and (4.8) that 
oo 
/ ( z )=zp-  (p-a)~ zp+X ~-7-;-7~ c'+~z'+~' 
k=2 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 
(4.10) 
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where the coefficients ap+k (k • N \ {1}) are given with (4.9). Then, since 
oo oo 
E (P + k - a) (p - a)(1 - A) k=2 P + k - a Cp+k = (p -- a)(1 -- A) E Cp+k 
k=2 
= (p - a)(1 - A) (1 - Cp+l) 
_-< (p - a)(1 - A), 
we conclude from Theorem 4 that f • T;(p,  a). 
Conversely, let us assume that the function f defined by (1.13) is in the class T~*(p, a). Then 
ap+k < (p -- a)(1 -- A) (k • N \ {1}) (4.11) 
= p+k-a  ' 
which follows readily from (3.1). 
Setting 
p+k-a  
Cp+k = (p _ a)(1 - A) ap+k, 
and 
(k e N \{1})  (4.12) 
Cp+l = 1 - E Cp+k~ 
k=2 
we thus arrive at (4.9). This evidently completes the proof of Theorem 8. 
In a similar manner, we can prove the following. 
fp+l (z )=zp  _ p(p - a)A 
(p+l ) (p+ 1 - a) 
(4.13) 
THEOREM 9. Let 
z p+I (4.14) 
and 
fv+k(z )=z  p -  p (p - -a )A  zp+l_  p (p - -a ) (1 - -A)  ZV+k ' (kEN\{ I} ) .  (4.15) 
(p+ 1)(p+ 1 - a) (p+ k)(p+ k -  a) 
Then f is in the class C~(p, a) if and only if it can be expressed in the form (4.9). 
5. THE RADIUS OF  CONVEXITY  FOR 
THE CLASS TA* (p, a )  
In this section, we prove the following. 
THEOREM 10. Let the function f be in the class 7-~* (p, ~). Then f is a p-valently convex function 
of order/3 (0 <=/3 < p) in 
Iz[ < r l  = r l  (p, a ,  ~; ~), 
where rl (p, a, ~; A) is the largest value o f t  for which 
(p + 1)(p - a)(p + 1 -/3)A r+ (P + k)(p - a)(p + k - j3)(1 - A) rk <= p(p _ ~3), 
p+l -a  p+k- (x  (5.1) 
(k e N\{1};  0_< j3 <p) .  
The result is sharp for the function fp+k given by (4.8). 
PROOF. It is sufficient o show for f E T~*(p, c~) that 
1 z f" (z )  P < 
+ f'(z----T = P-  ~' (5.2) 
( Iz[<r1(p,a, /~;A);  0_-<j3<p), 
where rl (p, a, ~; A) is the largest value of r for which the inequality (5.1) holds true. 
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Observe that, if f E T~*(p,a) is given by (1.13), we have 
1 z f " (z )  P < 
+ f'(z-----~ = 
oo 
((p + 1)(p - (~)A)/(p + 1 - ~) r + ~ (p + k)kav+ k r k 
k=2 
p- ( (p+l ) (p -a )A) / (p+l -a ) r -  ~ (p+ k) ap+kr k 
k=2 
= < p - ~, (Izl = < r; 0 < = Z < p) ,  
if and only if 
(p + 1)(p - a)(p + 1 - j3)$ r + E(  p + k)(p + k - f~)av+k r k <= p(p - 1~), 
p+l -c~ k=2 
(0 =< f~ < p). 
(5.3) 
Since f E T~* (p, a), in view of Theorem 4, we may set 
(p - ~) (1  - ~)  
ap+k = p + k - (~ Cp+k, 
c~+k >_- o (k e N \ {1}) ;  ~+k _--- 1 . 
k=2 
(5.a) 
Now, for each fixed r, we choose a positive integer k0 = k0(r) for which 
(p + k) (p + k - /3 )  rk 
p+k-a  
is maximal. Then 
oo 
E (P + k)(p + k - j3)ap+k r k < (p + ko) (p - a) (p + ko - ~3) (1 - )~) 
_ r ko . 
k=2 - p+ k0 - 
Consequently, the function f is p-valently convex of order/3 (0 -< f~ < p) in 
IZl < rl (p,~,]3;~), 
provided that 
(p + 1)(p - c~)(p + 1 - f~)A 
p+l -a  
r+ (p + ko) (p - a) (p + ko - f~) (1 - ~) rk o <= p(p _ j3), 
p+ko -~ 
(o < # < p). 
(5.5) 
We find the value 
r0 = ro (p, a, f~; A) 
and the corresponding integer ko (to) so that 
(p + 1)(p - c0(p + 1 - ~)A 
p+l -~ 
ro + (p + k0) (p - a) (p + ko - f~) (1 - )~) rkoO = p(p _ ~), 
p + ko - (~ 
(o < ~ < p). 
(5.6) 
Then this value r0 is the radius of p-valent convexity of order ~ for functions f E T~* (p, a). 
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